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c. With the first four equations, we have disposed of 16 of the 20 func- 
tions. Only four of them needed calculating. They were : 

The remaining 12 were the six functions already mentioned under o, and 

the following six : 

I 0=1 I =6„':s/J,»-V/?3'^&o'(/^^s/^3)'6«^''»,/»3. 
1 o«2 I =&o'2/?,«;s//?3=b,o?„«2/9,)/)„»:S/3,'/V, 

I OP I =V2/»i''V/V=^0^'*2/'s)'^^'*l. 

I 1«2 I =6o'^/5.^«2''»J=-^''o('5,/S,/?3)6,2/J,,9„ 
I 02= I ^b,^2lS»li,li,=b,0SJ,li,)b,^2i3<', 
I 122 I =ft„'2,?,2/9,/9,=6„6,(/?,/3,/33)6„2,3,. 
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d. The remaining four functions may be obtained from four of the last 
six equations. The functions are : 

I 012 1 =6„^;S/?,^/?s»/?s=6o(/?w58/«3)bo'=^y5,'/?j, 
I 013 I =b„'«:2;S,»,Sj% 
I 023 I ^&„^:S,?,«/9,, 
I 123 l^b.'JS,?,";?,, 

On account of the decomposition of the first into a known function and one 
of the other three, only three of these four require actual calculation. 

3. Continuation of the Method. 

This method may be continued for higher resultants, what was said under 
(3) regarding the analysis of the operator d of Aronhold into three others being 
capable of the easiest extension to the general case in that in the statements there 
made one must substitute the numbers 0, 1, 2, ... .n, and the literal factors 
6o. ^ii f>n instead of 0, 1, 2, 3, and 6„, 6,, 6j, 6,, respectively, and then 

these operators must be applied to all the — ^^^-^ — , /••••••'■ — ILJ stroked 

(»t — 1)1 

forms of (n+1) elements to (n— 1) dimensions, thus obtaining 

(m+l)(n+2)....(2n-l) ., ,. , ^. , .■ ,,. (m+l)(w+2). . . .2n 

— ■ — ■; — —r—. identical equations from which the -^ — — ' . - ^ 

(«— 1)! ^ nl 

symmetric functions in connection with the 2n which may be already assumed as 
known, can be found. We have thus at the same time a method for elimination 
by means of symmetric functions, and a method for computing the values of the 
symmetric functions, giving the function as a whole. The functions for interme- 
diate forms where m and n are unequal (m>n) are contained in those forms where 

II. ISOLATION OF TERMS OF A SYMMETRIC FUNCTION. 

A. Preliminary Statements Concerning the Resultant Theory. 

1 . ■ The Concept of Normal and Reducible Forms. 
(1). Definitions. 

In the thesis of the writer entitled "Die Entwickelung der Sylvester'schen 
Determinante nach Normal-Formen," (B. G. Teubner, Leipzig, 1898) the forms 

Pm,n=a.,a,, .... a^nh,h, . ■ ■ h„=(.ar,)Har,y' ■■■■ (Or^)"" (6,.)9-(6,,)9» .... (6,^)9v , 

which occur in the resultant Rm,n of 

/=aoa!'»-a,a;"»-i+. . . .(-l)'»a,„ and ^=b^x"+h^x»-^+. . . . +b„ 
are divided into such as have the four factors a,, 6,,, a„, b„, and those which do 
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not have all four factors.* The former are called normal forms. It is shown 
that the latter are capable of being reduced by means of one or more of four kinds 
of reduction to normal forms of resultants R^, „ of lower order and are called re- 
ducible forms, or else are covipletely reducible to Og or b„ (in reality to unity), and 
are then called completely reducible forms. 

(2). Formulas. 

The normal forms have according to (1) the formula, 

The normal form N^,p of the resultant Ri„,y, to which a reducible term 

Pm,«=(ar,)P'(ar .)"' .... (Or^ /i" (&..)«■(&.,)«' .... (&., )"- 

of Rm.n is reduced, (by means of reductions to be stated in 2) has the foifeula 

where rx =/', rr=l^+/>, «« —ff, s„^v-j-ff, and where at least one of the numbers 
a, /?, and at least one of the numbers r, S is zero. Similarly, but without altering 
its value, the coefficient 

Cn,,„=(r,)P'{r,)P'....ir^yp^ | (sO'-Cs,)". ...(«„ )*- 

of Pm.„=(Or,F'(ar,)'^ .... (flr^FM iK,)Hb,,)^' .... 6,^)«" 

is reduced in form to C^, „, so that Cm,n=(^ii., n or 

.-=ir>, -/>Y>^ -■{n.^x-l>y>^+-i. -{rr-l'Yr-r | (s, -ff)»« -?(s,^.,-<r)«<+i. .(s„-ff)».r-« 
The completely reducible forms of Rm,n have the general formula : 

»m,n=(lr.)'''(a,.)P.. . . . (/I^^/m (6„y-(6j,,)'-.-'.(ftp,+pjn- r, . . . . (6p,.^p,+.. ..p^)"*-'^ ■ 

2. The Four Kinds of Reduction. 

The before-mentioned reductions are attained in the following ways : 

(1). The first reduction. 

By dividing /"m.n-C^r.FKar.F' .... (ar^)"" ih,,)Hh.,)^' .... (bn)'- , a form of 
Rm.ni which contains the factor h„, but not a„, by (&„)'"-'■»», Pm.n is reduced to 
Pr^, n=(o,,)P.(or,)i'' (Or^F" (&.,)«■ (&«,)«' &«*•• ""+'■•■ , a form of a lower re- 
sultant Rr^.n- 

*lt,is a fundamental condition that every form Pm.n must contain at least one of the factors Oo, 6«, 
and at least one of the factors a»i, in. 
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(2). The second reduction. 

By dividing Pm,n-=(«r J^'(«r,F' • • ■ • (a»7M ibs,)HK)^' ■■■■ (.KY" of Rm.n, 
which has the factor a™ but not h,„ by (am)'^-'y , we obtain Pm,»„=(ar,)'''(''r,)^'- • 
(ff^y^ -»+«„ (fcuJ^'Cfts,)''- • • -(^O'- , a form of the resultant Rm,Sy of lower order 
than Rm,n- 

(3). The third reduction. 

Here Pm,»=(«r.)^'(ar,F». • • -(ar^/" (fe„)9-(6.,)«'. • • .(fcO'" (^'''t^ ''iH-O) is 

reduced to P„_,„„-=(a„)P.(«r,-r.F'. • • .(%-r.)'"''(bo)«'~"''('>.J«' (^0'" - » form 

of the resultant Em-r,,n, by dividing by (69)''' and diminishing the subscripts of 
the a's by Tj. 

(4). The fourth reduction. 

In this case P™,„=(a„)M«r;F= (% Z'' (6..)''(&,,)«' (&«„ )'" , 

(.s,-=|=.0), is reduced to Pm,„-,.=(a„)P>-»-(ar,)P'. .. .(rt,.^y».(6o)9<6.,-.. )«'••• • 
(fo«^_g,)'>' , of the resultant Rm,n-a,< by division by («(,)''! ^'^^ diminution of the 
subscripts of the 6's by s,. 

3. The Foue Kinds of Derivation. 

Conversely we may start with forms of lower resultants and by four kinds 
of derivation attain to forms of higher resultants. 

(1). The firH kind of derivation. 

By multiplying P„,„=(a,,)P.(a,JP3 .... (a^^f^ (fc,,)«.(6.,)«'. . - .(6,„)»- by 6/, 
we obtain Pm+g,„={arjHar,)P'. ■ ■ .(ar^y^{b,,)HK)^'- ■ ■ ■(h;)^-'h„'>, a form of 
the resultant Rm+q,n- 

(2). The second kind of derivation. 

Similarly from Pm,»vve obtain Pm,«+p=(Or,F'(ar,)^' (%)''i» (am)''(6«,)«' 

(&,,)«' (^j^)*" , of the resultant Rm,n+p, by multiplication by a„P. 

(3). r/ie t/itrrf Kwd of derivation. 

In this case we obtain Pm+g,„=(ff,,+,)P.(a,,+,)i'.. .. .(«r^+,>M (fto)*(fe.,)«' 
(^sj'" , of the resultant Rm+q,n, from Pm,„ by multiplication by bo' and in- 
crease of the subscripts of the a's by q. 

(4). The fourth kind of derivation. 

Here we multiply Pm,« by aoP and increase the subscripts of the 6's by p, 

and obtain Pm,«+p=(a„)nar,)P'- • • .(a^^y».(f>,,+i.)«'(''«,+j))«'- • • •(&->„+pr - of the 
resultant Pm,n+p. 

4. Recurrence Formula for the Normal Coefficients. . 

For the calculation of the coefficients of the normal forms we use the 
formula 

p, xOHr^y'. . . .m.P,' I OHs,,)i'. . . .«*.' = 2 (-I)'a +Kc^ +1) 

A=2 

X-tx OP.-HrsF'. . . .mP^ ( (.Sa )-'0«t+i(8.^)'!., . . .n»v , 

where ^^ is the exponent of s^ in the expression (lPr-J(r2)P» »i^*« . It is a re- 
currence formula and serves for the calculation of the coefficient of the normal 
form (a„)P'(arJP= (a„,)''c ih„)it(ba,)'>^ (J)„)^- from earlier calculated coeffi- 
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cients of simpler forms. In it every coefficient on the right hand is to be reduc- 
ed to its simplest form according to 1, (2). 

5. The Resultant Rm,n in Terms of Symmetric Functions. 

(1). The expressions. 

The resultant Rm,n of/ and ^ may be written in the forms, 

(-l)""'6„»'/(/J, )/(/?,). . . ./(/J,,)-- 

. . . .[a„A,'»-a,/?„'»-i+. . . .+(-l)™a„]=a/((S(«,)^(a,). . . J{a„) 

=«o"(^«i"+ • • • • +M(6o*./+ • • • ■+b„) . . . .(6„«V'+ ■ . . . +&»)• 

(2). 'I'he coefficient (7)1— «,)(m— «j) . . .(m — ;r„) ( 0*»1^' «*»). 

The coefficient of Om-,, Om-K, am-«», using the first form of Rm,n, is 

(_.l)«i+<,+....-h«»6^»»2,?j-tr;j^«, jS^K„_ In this again the coefficient (m— «,) 

(to— «j) (m— K„) I 0^»l^i »i^» of the product a^-.^a^-., im-^.^o^'*^/' 

6/- in Rm,n, is equal numerically to the coefficient of b„''<>b^>'t 6/« in 

b^''Sfi,'''j3^'i /}/», that is, 

(»)i— «,)(to— Wj) (wi— w„) I O''"!*!. . ..n*"-—( — l)''r+''+- •■+'"' 

/O^'Pt ....JlM , /0^«Pt 7l*»'» 

Uo'V/'A,". . . . A,"'/' ''^'^'"^ U,"",},'.,?,'.. . . . /?„««; 

denotes the coefficient of 6„^»6/' h„>"' in 6„"'JS/J,«i/92«s ,?„«". 

Using the second form of the resultant, the coefficient of 6„^»ft/' b,,^' is 

a,"2(,a,a^ . . ..«;,„)''( «x.+i • • . .ffA,+ x.r-i. • • •(*a,+a,+....a„_i. • • .«a„+ ...a„ )"• 
This last symmetric function we will express symbolically by 

vvhere {aX^)"-'' means that /^ roots («■) have the exponent n—r. 
In this symmetric function the coefficient 
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(m— »i)(to— «g).. ..{m—n„) | 0*«l*r ri*» 

of the product 



in Rm,n is equal numerically to the coefficient of ««,-«( am-/tj «»»-<» in 

a„»2(«A.J''(a/,)»-i. . . .(rr;,„)», that is 



(m— «<)(to— «j) (m— w„) I 0*"l'^',...n*»—(_ !)»»«+«,+«,+ ...«„ 



(3). Relation between coefficients of terms in symmetric functions. 

By (2) we have two expressions for the coeflScient of a term of Rm,n- By 
equating these expressions, we obtain a relation between the coefficients of terms 
of two symmetric functions, namely : 



/0^°1*' w^-X _/_iN»« /Cw-«,)(m-«j). . ..{m-n„)\ 



which is seen to be true whether/ is written with alternating sign or not. 

With this paragraph the statements concerning the resultant theory, so far 
as they relate to this paper are finished. Itis now proposed to develop a theory 
for symmetric functions similar to that sketched for the resultant, and to point 
out the correspondences between them. Moreover, the theory is developed in- 
dependently of the results for the resultant, with the exception of the last for- 
mula, which will be used. 

[To be continued.] 



